
9. ]~. G. Deich, "On an ax i symmet r i c  contact  p rob lem for  a nonplanar c i r cu l a r  s tamp,  n P r ik l .  Mat. Mekh., 
26, No. 5 (1962). 

10. G . R .  Irwin, WAnalysis of s t r e s s e s  and s t ra ins  nea r  the end of a c r ack  t r ave r s ing  a plate ,  w J .  Appl. 
Mech.,  2.~4 (1957). 

11. A . L .  Ruoff and K. S. Cban, "Analysis  of contact  p r e s s u r e s  using indenters  which are  bodies of r evo lu -  
t ion, n J .  Appl. Phys . ,  ~ No. 11 (1976). 

12. I, Ya. Shtaerman,  Contact  P r o b l e m  of Elas t ic i ty  Theory  [in Russian],  Gostekhizdat ,  Moscow (1949). 

C O M P U T A T I O N  O F  E F F E C T I V E  P L A S T I C I T Y  

C H A R A C T E R I S T I C S  O F  I N H O M O G E N E O U S  M E D I A  

V .  V .  D u d u k a l e n k o ,  S .  I .  M e s h k o v ,  
a n d  L. A,  S a r a e v  

UDC 539.389.1 

Macroscopic  mechanical  cha rac t e r i s t i c s  of a composi te  mate r ia l ,  r epresen t ing  a mixture  of inclusions 
and host ,  a re  de te rmined  by the mechanical  p rope r t i e s  of the phases  and its geomet r ic  configuration.  We de-  
fine the composi te  configurat ion by that uni form distr ibut ion of the spher ica l  inclusions in the host so that  the 
cha rac t e r i s t i c  function ~ equals one at the inclusions.and ze ro  at the host and is s ta t i s t ica l ly  homogeneous 
and i so t ropic .  With r e spec t  to the mechanical  p rope r t i e s  of the phases ,  we l imit  ourse lves  to the condition 
that  the plas t ic  p rope r t i e s  of the inclusions be higher  than th ~, p las t ic  p roper t i e s  of the host .  Hence,  the host 
can be cons idered  ideal ly e las t ic  in a definite deformat ion range,  and the inclusions ideally e l a s t i c - p l a s t i c  
Both phases  a re  in terconnected such that  sl ip of the inclusions in the host is excluded. 

1. The materials of the host and the inclusions are considered isotropic and Hookers law in the phases 
is written in the form 

o~.j = 2tt~ (e u - -  e~#) q- 6u~e~h,: 

where  # a ,  )tc~ a r e  the Lama p a r a m e t e r s ,  Gij, eij ,  ep  a re  components of the s t r e s s ,  the total  and plast ic  de-  

fo rmat ion  t enso r s ,  and c~ = 1 co r r e sponds  to the host and a = 2 to the inclusion. The plast ic  deformat ions  
sa t i s fy  the incompress ib i l i ty  condition e~k = 0. The plas t ic  p roper t i e s  of the inclusions a re  de te rmined  by 

the Mises  p las t ic i ty  condition si js i j  = k 2, where  sij and k a re  the deviator  components of the s t r e s s  t ensor  
and the plas t ic i ty  l imi t  of the inclusions,  respec t ive ly .  

An investigation of the extremum [I] of the function 

I {S [D(eS)  ' I - - i j ) ] d V - - S ( p , v , ~ ,  g.,U,)dS} L =  -p- -- T W (e u -- e~j, ~eij e v 
S 

( 1 , 1 )  

determines the properties of the inhomegeneous medium. Here D(e p) = k(x)~ is the dissipative function 

for the selected plasticity condition [2]; 
Lj 

�89 w -  rj) = (e, j  -  rJ) + 

is the ra te  of change of the e las t ic  energy,  eij,  ei~ a re  the components of the to ta l  and plast ic  s t ra in  ra te  

t e n s o r s ,  u i, v i a r e  the d isp lacements  and the veloci t ies ,  Pi, qi a re  the loads and the i r  veloci t ies  on the s u r -  
face.  T h e  total  volume V is a s imply  connected domain.  The random s t r e s s ,  s t ra in ,  and the i r  veloci ty  fields 
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a r e  assumed ergodic  so that the i r  mathemat ica l  expectat ions,  agreeing with the means  in the volume of val-  
ues ,  a re  independent of the coordinates .  Taking the average  with r e spec t  to V, the volume of inclusions 
V i is denoted by 

l 

The quanti t ies (eij) , (~ij), (eij) and the res idual  s t ra ins  e~ are  cons idered  given, and the k(x), ~(x)) Mx) 
fo rm homogeneous ergodie  random fields.  The fields of the displacement  fluctuations u[ and the i r  veloci t ies  

v i a r e  sought in the c lass  of s ta t i s t ica l ly  homogeneous continuous hmctions.  

With r e spec t  to taking the average  of the field magnitudes over  the inclusions,  it is assumed that 

(eiJe~l>i :-- (eij>i (ehz>i" (1.2) 

Such an assumption is complete ly  justified for low inclusion concentra t ions  in e las t ic i ty  theory  since it 
co r r e sponds  to a homogeneous s t ra in  state  of each spher ica l  inclusion [3]. For  higher  concentra t ions  of in- 
c lusions,  this assumption should be  sat isf ied because of the equil ibrated mutual influence of the spheres ,  
which a re  dis t r ibuted s ta t i s t ica l ly  homogeneously in the volume V. 

The condition on the boundary S of the volume V has the fo rm 

Pi =((YiJ)ll] '  gi = ((~ij>Hj' (1.3) 

where  nj is the vec to r  of the unit normal  to S and crij is the veloci ty of the s t r e s s  field. 

Dividing the volume V into V - V i and Vi, we obtain by using ( 1 . 1 ) - ( 1 . 3 )  

L k V  v , v  = (eij> <ei)> + 2~q ( e i j s i j  > --~ ~ 1  (ehhs~> 7- 2Attc (ei i ) t<ei j ) i  
. )  - -  1 /)  !~ 

~:- _X~c ( e h h ) i  (8hh)i -+- -U..,C ( e i j )  (e iS)  - -  2tt~ ( (e i j ) t  (e~)) 

+ (e~j> <eliOt) --  <a/j> (ei,~) --  (bij  >(eij>, (1.4) 

w h e r e  the  obvious  re la t ionship  <eVj> = o i has been used  and c = ViV is  the v o l u m e  ooncentr Uon of  the 

inclusions Au = P2 - gt) AX = ~ - X I. 

The d isappearance  of the f i r s t  var ia t ion  of (1.4) at independent var ia t ions  of the fluctuations 6u~, 6v[ 
r e su l t s  in two sys t ems  of equations 

t t t ~ ! t t 

2bqeij,~ + ~qehh, i : a i j •  ~[zlelj , j  ~- ~,tShlr = blj~c,j, 

whose r ight  side depends on the s t ra in  state  of the inclusions and the mathemat ica l  expectation of the plast ic  
deformat ion.  

Here  

aij 2~t2c-! P \ , = ( e ~ j / - -  2Att ( e i j )  i - -  5ij~'/~ <e~h)i; 
, )  - - 1  t9 k bij -bt.2c ( 8 i j / - -  2A~t (ei./)i - -  6iiA~, (eke> i. 

wri t ten by using the Green ' s  t ensor  U~(x, 4) [4] The solution is 

e~j (x) =a~z t" G~(h,t)j (X, ~.) • (~) dV, 

~'ij (,~') = bkz i 6~,,,z)j (x, ~) • (~) dV, 

w h e r e  2Gik , l j (x ,  ~) = [0U~(x, ~) /(0~/0xj)  + 3UJk(X , ~) / (0~/0xi)  ] and the  p a r e n t h e s e s  deno te  s y m m e t r i z a t i o n  wi th  

r e s p e c t  to the subscr ip t s .  
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2. To  d e t e r m i n e  the  e f f e c t i v e  c h a r a c t e r i s t i c s  of  a c o m p o s i t e ,  i t  i s  n e c e s s a r y  to  e x p r e s s  t h e  func t iona l  
( t .4 )  in t e r m s  of  the  f i e ld  m a g n i t u d e s  a v e r a g e d  wi th  r e s p e c t  to  t h e  v o l u m e  V.  T h i s  c a n  be  done  b y  us ing  the  
obv ious  e q u a l i t i e s  

<e~jh = <e~> + c -~ <• <a~>i = < ~ >  + c -~ <• 

F o r  s t a t i s t i e a n y  h o m o g e n e o u s  and i s o t r o p i e  func t ions  ~ and ~ '  the  b i n a r y  c o r r e l a t i o n  func t ion  i s  

(2.1) 

<•215 =/(r), 

w h e r e  f ( r )  i s  s o m e  func t ion  of  the  d i s t a n c e  r 2 = (x i - ~i)(xi  - ~ i ) /R  2, and  R i s  t he  r a d i u s  o f  t he  i n c l u s i o n s .  

Then  

, , c ( I  - -  cl 
(• 30[ai. (1 -- ,ol) [2 (4 - -  5vl) aij  ~i.iahh], 

c(l--c~ "2"4 <• 30~,~'_-v~)[ t - - 5 v , ) b i i - - S i i b h h ] ,  

, i 

2p, <eiie~> ~,, " ' ' - -  \ e l ~ k s  - -  c ( t  - -  C) 30~ 1 (t - -  vl) [2 (4 - -  5v1) a~ibij - -  a~hbhk] 

(2.2) 

(v t i s  P o i s s o n ' s  r a t i o  i n  t h e  hos t ) .  

S u b s t i t u t i n g  t h e  f i r s t  of  f o r m u l a s  (2.2) in to  (2.1),  t a k i n g  accoun t  o f  the  e x p r e s s i o n  fo r  a i j  , we  ob t a in  
t h e  v a l u e  o f  s t r a i n  a v e r a g e d  o v e r  t h e  i n c l u s i o n s  in  t e r m s  o f  the  t o t a l  s t r a i n  

<e~l>i = A <el j> @ ~ijS (e~k> § C <e}';>, 

(an  a n a l o g o u s  e x p r e s s i o n  i s  v a l i d  fo r  <eij>i) w h e r e  

15~t ,  (1  - -  vt) 
A = 15~1(1 ~.~)--2(1 c) a~ (4--5~,~); 

tl -- ~ [2a~t-- 5ak(t 2h) ] 
B - -  A 516~1(1_vi)_. ( ! c)(t_2v,)(2h~+3AX~); 

C =: A 2.u,~(i-- c) (4 5vl) 
t5~,c (i -- v,) 

(2.3) 

By  u s i n g  (2.2) and  (2.3),  t h e  f unc t i ona l  (1.4) i s  e x p r e s s e d  in  t e r m s  of  t he  m a g n i t u d e s  of  t he  f i e l d s  a v e r -  
aged  j u s t  wi th  r e s p e c t  to  t he  t o t a l  v o l u m e  V.  H e n c e ,  t he  a n g u l a r  b r a c k e t s  a r e  h e n c e f o r t h  o m i t t e d .  

The  s t a t i o n a r i t y  cond i t i on  f o r  such  a func t iona l  in  e i j  y i e l d s  t he  e f f e c t i v e  H o o k e ' s  l aw  of  an  i n h o m o g e n e -  
o u s  m e d i u m .  T h e  d e v i a t o r  p a r t  of  t h i s  l aw  i s  

H e r e  

u* - :  Pl l 1 --  

sij -- 21t* (ef; e~i). (2.4) 

�9 15 (i -- vl) c ~m -- I) ] 
15(i vl) -= 2 (I --  c~ (m -- I) (4 -- 5vi) ] 

d 
i s  t he  e f f e c t i v e  s h e a r  m o d u l u s  o f  t he  c o m p o s i t e ,  m = P2/Pl; and e i j  i s  t he  s t r a i n  t e n s o r  d e v i a t o r .  The  v o l u m e  
p a r t  of H o o k e ' s  l aw  i s  w r i t t e n  in  t he  f o r m  

w h e r e  
%h : 3K*ehl, 

h* ~ (3Ko_ :- 4~,) : 4,u, (K~ --K,)  (, 
: ( a K ~  4 ~ 1 )  ~ 3~ ( g ,  - -  K._) 
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is the effect ive  e las t ic  modulus of mul t i la tera l  tension (compression) ,  and K1, K 2 are  the volume phase me-  
dull. The formulas  for  ~* and K* agree  with the express ions  in [5, 6]. 

The e las t ic  moduli of a composi te  fabr ica ted f rom P-47  polys tyrene  filled with glass mic rosphe res  
were  invest igated exper imenta l ly  in [7]. The formulas  for  p* and K* displayed quite good agreement  with 
the exper imenta l  r e su l t s .  

Taking account of (2.4), the condition for s ta t ionar i ty  of the functional in s. p. yields the plas t ic i ty  con- 
13 

dition for  a composi te  ma te r i a l  

where  

= - - 

2 4--5v I 

is the effect ive l imi t  of  p las t ic i ty  of the medium; 

N = o ~ t * [  k* (7-5~z)+2c(4-5vl)  ] -  kc i5(i--~.i) l 

is the coeff ic ient  of l inear  hardening charac te r iz ing  the displacement  of the flow surface Lmder loading. The 
coefficient  of l inear  hardening is a f rac t iona l - l inea r  function of the concentra t ion and var ies  between infinity 
and ze ro  as the concent ra t ion  changes f rom zero  to one. The plas t ic i ty  l imit  k* is a l inear  function of the 
concentra t ion,  that equals K for c = 1. F o r  c = 0 

k* = k + t5 l---- v I ' 

this  quantity is the exact  upper bound of all possible k* = k*(c) which cha rac t e r i ze  the initial  flow surface  of 
the composi te .  
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